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Abstract. We calculate the shear η(T ) and bulk viscosities ζ(T ) as well as the electric
conductivity σe(T ) and heat conductivity κ(T ) within the Nambu-Jona-Lasinio (NJL) model
for 3 flavors as a function of temperature as well as the entropy density s(T ), pressure P (T ) and
speed of sound c2s(T ). We compare the results with other models such as the Polyakov-Nambu-
Jona-Lasinio (PNJL) model and the dynamical quasiparticle model (DQPM) and confront these
results with lattice QCD data whenever available. This work is based on Ref. [1].
1. Introduction
In order to study the expansion of the partonic plasma created in ultra-relativistic heavy-ion
collisions [2], it is very helpful to calculate and compare thermodynamic properties as well as
transport coefficients in equilibrium as a function of the temperature T . These results are not
easily obtained from lattice QCD calculations and one has to consider suitable effective models
in addition to achieve a more transparent picture.
It is the purpose of this contribution to evaluate these quantities in the Nambu-Jona-Lasinio
(NJL) model [3, 4, 5] and to compare with similar approaches such as the Polyakov-Nambu-
Jona-Lasinio (PNJL) [6, 7] and the dynamical-quasiparticle model (DQPM) [8, 9] as well as
with the available lattice QCD data.
2. Equation of state
In order to compute the equation of state of strongly interacting matter, we use thermal
distribution functions for partons (i.e. Fermi-Dirac and Bose-Einstein distributions). In the
NJL model we compute the pressure P and energy density  (cf. Fig. 1) as a function of
temperature T using the relations based on the definition of the stress-energy tensor Tµν for
non-interacting particles at quark chemical potential µ:
Tµν(T, µ) = g
∞∫
0
d3p
(2pi)3 f(E)
pµpν
E
. (1)
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Figure 1. Energy density ε normalized to the energy density in the SB limit (a) and the trace
anomaly (ε− 3P )/T 4 (b) as a function of temperature T from different models compared to the
LQCD1 data from Ref. [10] and LQCD2 data from [11]. The PNJL results have been taken
from Ref. [12].
Note that in Fig. 1, which displays the resulting energy density ε relative to the energy
density in the Stefan Boltzmann (SB) limit, the SB limit is different for the NJL model and for
PNJL/DQPM/LQCD due to the lack of the gluon degrees of freedom. We recall that the results
of the Polyakov-NJL model differ from the NJL results due to the explicit gluon potential U
[12] which reflects the pressure from the gluons. The critical temperature Tc is also different
between the NJL, PNJL and LQCD since the parameters of the NJL are fixed at T=0.
In Fig. 1(b) we display the interaction measure – known in LQCD as the trace anomaly –
in comparison with LQCD and find again the NJL model not to be in good agreement with the
lattice data from Ref. [10, 11]. Note that the PNJL [12] and DQPM calculations agree well
with the LQCD data, however, both have been adjusted explicitly to different LQCD results,
i.e. either to those from Ref. [10] (DQPM) or from Ref. [11] (PNJL).
3. Shear viscosity
The shear viscosity η is defined using the relaxation time τ in the dilute gas approximation for
interacting particles as [13]:
η(T, µ) = 115T gg
∞∫
0
d3p
(2pi)3 τgfg
p4
E2g
+ 115T
gq
6
∞∫
0
d3p
(2pi)3
[ u,d,s∑
q
τqfq +
u¯,d¯,s¯∑
q¯
τqfq¯
]
p4
E2q
.
We find that the shear viscosity over entropy density ratio η/s(T ) in the NJL model shows
a temperature dependence ∝ T−1 for high temperatures. Nevertheless, the order of magnitude
is in agreement with the lattice QCD data from 1.2 Tc up to 1.5 Tc. The T−1 behavior of
the viscosity in the NJL implies to go beyond the Kovtun-Son-Starinets (KSS) bound [14]:
(η/s)KSS = 1/4pi above T ∼ 1.7Tc which limits the applicability of the NJL model.
4. Bulk viscosity
The bulk viscosity defined in Ref. [13] reads in the relaxation time approximation (RTA)
ζ(T, µ) = 19T gg
∞∫
0
d3p
(2pi)3 τgfg
1
E2g
[
p2 − 3c2s
(
E2g − T 2
dm2g
dT 2
)]2
+ 19T
gq
6
∞∫
0
d3p
(2pi)3
[ u,d,s∑
q
τqfq +
u¯,d¯,s¯∑
q¯
τqfq¯
]
1
E2q
[
p2 − 3c2s
(
E2q − T 2
dm2q
dT 2
)]2
.
(2)
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Figure 2. Shear viscosity η/s (a) as a function of T/Tc compared to the LQCD data points
from Ref. [15] (square), [16] (triangle) and [17] (circle) and the result from the DQPM (dashed
line); the bulk viscosity to entropy density ratio ζ/s (b) as a function of T/Tc compared to the
LQCD data points from Ref. [18] (square) and [17] (circle) and the DQPM (dashed line).
The bulk viscosity over entropy density ζ/s from the NJL model is displayed in Fig. 2(b)
and shows a very different temperature dependence than η/s. Indeed, for high temperatures we
find the limit ζ/s→ 0. Moreover, the behavior around Tc shows a peak in LQCD as well as in
the DQPM. This peak is not seen in the NJL model (or shifted to much lower temperatures).
This can be easily explained by the fact that the T -dependence of the masses of the degrees of
freedom plays an important role for the bulk viscosity (2).
5. Electric conductivity
The electric conductivity for charged particles – known as the Drude-Lorentz conductivity for a
classical gas – is defined as [19, 20]:
σe(T, µ) =
∑
q
e2q nq(T, µ) τq(T, µ)
mq(T, µ)
, with e2q =
4pi
137e
2, (3)
with q = u, d, s, u¯, d¯, s¯, and e = +2/3 or −1/3 denoting the quark electric charge fractions.
Fig. 3(a) shows that for the DQPM as well as the NJL model the dimensionless ratio of the
electric conductivity over T is approximately linearly in T for T ≥ Tc up to about 2 Tc [20].
Both results are in a reasonable agreement with the present lattice QCD results although there
is quite some uncertainty in the LQCD extrapolations.
6. Heat conductivity
The heat conductivity κ is another quantity of interest that describes the heat flow in interacting
systems [21, 22] and only recently has regained interest in the context of relativistic heavy-ion
collisions [23, 24].
The heat conductivity for charged particles is defined using the specific heat cV and the
relaxation time [25]:
κ(T, µ) = 13vrel cV (T, µ)
∑
q
τq(T, µ), (4)
with q = u, d, s, u¯, d¯, s¯. For our purpose we assume vrel ' 1 in the NJL model because the masses
of quarks decrease with temperature T whereas the mean momentum increases.
Fig. 3(b) displays the dimensionless quantity κ/T 2 for both models. Whereas the DQPM
shows a slightly rising ratio for Tc < T < 2Tc the NJL model predicts a rapid decrease with T
for T > Tc. In this case no LQCD results are presently available.
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Figure 3. The electric conductivity σe/T (a) as a function of T/Tc compared to the LQCD
data points from Ref. [26] (triangle), [27] (diamond), [28] (square) and [29] (circle) and the
results from the DQPM (dashed lines); heat conductivity κ/T 2 (b) as a function of T/Tc in the
NJL model and the DQPM.
7. Conclusion
In this study we have calculated thermodynamic properties of the NJL model for three flavors
such as the energy density and pressure as a function of temperature T up to a few times the
critical temperature Tc. Furthermore, we have calculated the shear η and bulk ζ viscosity as
well as the electric conductivity σe and heat conductivity κ as a function of T and compared
to corresponding results from the DQPM, from the PNJL model and lattice QCD results when
available.
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